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SHINTANI COCYCLES AND VANISHING ORDER OF 
p-ADIC HECKE L-SERIES AT s = 

BY MICHAEL SPIESS 



Abstract. Let x be a Hecke character of finite order of a totally real 
number field F. By using Hill's Shintani cocyle we provide a cohomo- 
logical construction of the p-adic L-series Lp (x, s) associated to x- This 
is used to show that Lp{x, s) has a trivial zero at s = of order at least 
equal to the number of places of F above p where the local component 
of X is trivial. 



Contents 

1. Introduction 1 

2. p-adic L-series attached to cohomology classes 4 

3. Shintani cocycles 9 



> 

^^ , 4. Integrahty properties of L-values attached to Shintani cones 16 

^ ■ 5. Lp{x, s) via cohomology and proof of the main result 22 



References 24 



1. Introduction 



H 
ypj Let F denote a totally real number field of degree d > 1 over Q, let p be 

a prime number and let x be a totally odd Hecke character of finite order 

of F. Klingen and Siegel have shown that the values of the Hecke L-series 

-L(x, s) at integers n < lie in the algebraic closure Q C C of Q. In [14] 

Shintani gave another proof by constructing a nice fundamental domain (i.e. 

a finite disjoint union of rational cones; a so-called Shintani decomposition) 

for the canonical action of the positive global units £'+ of F on M.'^ . 

Deligne and Ribet [8] and independently Barsky and Cassou-Nogues [1, 3] 
have shown that there exists a j?-adic analytic analogue Lp{x, s) of the Hecke 
L-series L(x, s) which is characterized by 



Lp{x,l-n) = Lspixoj'-'',! 



n 
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2 BY MICHAEL SPIESS 

for all integers n > 1. Here oj : GaliF{p2p)/F) -^ {Z/2pZ)* -^ Z* denotes 
the Teichmiiller character and Lsp (X) s) the L-series without the Euler fac- 
tors at the places F above p. Compared to Deligne-Ribet's work Barsky's 
and Cassou-Nogues' construction of Lp{x, s) is more elementary and is based 
on Shintani's approach to the Theorem of Siegel-Klingen. 

Since L(x,0) / it follows in particular that Lp{x,s) has a trivial zero 
at s = if and only if there exists a place p above p such that the local 
component xp of x at p is trivial. In [10] Gross conjectured that the order 
of vanishing ords=o -^p(X) ^) is equal to the number of places p of F above p 
such that xp = 1- 

In section 3 of our work [16] we developed a framework to deal with trivial 
zeros of higher order of p-adic L-functions. The latter are typically defined as 
so-called F-transforms of a p-adic measure on the Galois group of a certain 
infinite abelian extension M/F. In [16] we attach such a measure ^k to 
a cohomology class k, G H (F^,!) ) where F^ are the totally positive 
elements of F and V is a certain space of p-adic measures on the finite 
ideles Yl^j,^ F* of F. We showed that the F-transform of fi^ has a trivial 
zero of order at least r (and also give a formula for its r-th derivative) 
if there exists r places pi, . . . ,pr of F above p such that k "extends" to 
a cohomology class whose values are measures on the larger adelic space 
riLi-^Pi ^ Il'v\oo,Vy^pi,...,pr -^v (■^e will recall the set-up and results of [16] 
which are used in this paper in section 2 below). 

In [16] we have applied this result to prove a conjecture of Hida regarding 
trivial zeros of the p-adic L-function Lp(E, s) of a modular elliptic curve 
E/F. The aim of this paper is to apply it to Lp(x, s) i.e. we give a proof of 
the following theorem. 

Theorem 1.1. Let r be the number of places p of F above p such that 
Xp = 1. Then, 

(1) ords=o Lp{x, s) > r. 

We will work with Barsky's and Cassou-Nogues' construction of Lp{x, s). 
However we need to "lift" the p-adic measure //^ involved to a measure- 
valued cohomology class Hy. in order to apply the method of [16]. This is 
achieved using a Shintani cocyle. It is a certain (d — l)-cocyle on F^ with 
values in the module generated by all characteristic functions of rational 
cones in M'J, which yields a Shintani decomposition when taking the cap- 
product of it with the fundamental class in H(i_i{Ej^,Z) (for the precise 
definition see 3.3). The notion of a Shintani cocyle has been introduced by 
Solomon [15] who has given a definition in the case d = 2. For arbitrary d, 
Hill [11] has given a construction. In section 3 we recall it and - by using a 
result of Colmez [4] - establish the relation to a Shintani decomposition (see 
Prop. 3.7). Then in section 4 and the beginning of section 5 we carry out 
the construction of k^. which is followed by our proof of Thm. 1.1 (following 
Cassou-Nogues we choose a certain auxiliary prime q f p of F to obtain 
p-integrality properties of twisted L- values). 
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It should be mentioned that (1) can be proved rather easily for the cor- 
responding arithmetic p-adic L- function (see [9] and also [2]) and so Thm. 
1.1 is a consequence of Iwasawa's deep main conjecture (as proven by Wiles 
[17]). However we think that our approach is of independent interest. It is 
certainly more elementary. We also feel that the cohomological framework 
developed here might be useful to study other properties of p-adic L-series 
(we hope to return to the topic in the future). 

It should be mentioned as well that Dasgupta [7] independently (and 
earlier) gave a proof of (1) if r < 3 which is closely related to our approach. 
Moreover in joint work with Charollois [5] he gives another proof of (1) 
based in part on a different cohomological construction of Lp{x, s) (involving 
Szech's Eisenstein cocyle). 

While working on this paper I had helpful conversations with Pierre 
Colmez and Samit Dasgupta regarding "Cassou-Nogues' trick" so I thank 
them both. 

Notation. We introduce the following notation which will be used through- 
out the rest of this paper. 

We fix once and for all an embedding Q — t- Cp. 

If X and Y are topological spaces then C{X, Y) denotes the set of con- 
tinuous maps X ^ Y. If i? is a topological ring we let Cc{X, R) denote the 
subset C{X, R) of continuous maps with compact support. If we consider 
Y (resp. R) with the discrete topology then we shall also write C^{X,Y) 
(resp. C^{X,R)) instead of C{X,Y) (resp. CciX,R)). 

If X is a locally compact Hausdorff space and R = Cp we denote by || • ||p 
the p-adic maximums norm on C^{X,Cp). It is given by 

(2) UWp = max{\(t>{x)\p \ X e X} V0GC°(X,Cp). 

For a group G a subgroup H there exists morphisms of 5-functors 

res :H'{G,-) ^ H'{H, ■ ), cor : H,{H, ■) ^ H,{G, ■). 

which in degree and for a G-module M are the canonical inclusion M M- 
M and projection Mh — )■ Mq respectively. If H has finite index in G then 
there exists also morphisms 

cor : H'{H, ■ ) -^ H*{G, • ), res : H,{G, • ) -^ H,{H, • ). 

which in degree are given as follows. If {gj}j£j denotes systems of repre- 
sentatives of the cosets G/H and m G M then cor(m) = ^,£j Ojm. For 
X = [m] G Mg we have res(x) = [^j^j gj rn]. 

Throughout the paper F denotes a totally real number field of degree d 
over Q with ring of integers Op- Let Ep = 0*p denote the group of global 
units. For a non-zero ideal a C Op we set N{a) = '^{Op/o). We denote 
by Vp the set of all places of F and by P^ (resp. ^oo) the subset of finite 
(resp. infinite) places. For a prime number q, we shall write Sq for the set of 
places above q. We denote by ui, . . . , 0"^ the different embeddings of F into 
M. Elements of Pi? will be denoted by f , w or also by p, q if they are finite. 
If p G P'p , we denote the corresponding prime ideal of Op also by p. For 
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V £ Pp, we denote by F^ the completion of F at v. If v is finite then O^ 
denotes the valuation ring of F^ and ord^ the corresponding the normalized 
(additive) valuation on F^ (so ordt,(ti7) = 1 if txr G O^, is a local uniformizer 
at v). Also for v £ Pp we let | • |^ be the associated normalize multiplicative 
valuation on F^. Thus if w G S^o corresponds to the embedding cr : F — )■ M 
then |x|t, = \cr{x)\ and if t; = q is finite then |a;|q = N {q)~ °'^'^''^^' . For v G Pi;' 
we put Uv = IR+ = {x G M I X > 0} if t; is infinite and U^ = O* ii v is finite. 

Let A = Ap be the adele ring of F and I = Ip the group of ideles. 
For a subset S C Pp we let A"^ (resp. I*^) denote the 5-adeles (resp. S- 
ideles) and also define Ag = Oties ^v and I^ = O^jes ^v ■ We also define 
U'^ = Ylv^s^^^ ^^'^ ^S = ritjGS'^^'- If ^ contains all archimedian places 
then the factor group I /[/ is canonically isomorphic to the group I of 
fractional Oi^-ideals which are prime to all places in S. We sometimes view 
i*" as a subring of As and A^ via the diagonal embedding. For a finite set 
of nonarchimedian places of F we put E = F* H U and Es = F* H Us 
(intersection in A5 resp. A'^). 

For T C Pq = {2,3,5, . . . ,00} and S = {v £ Pp \ v\q G T} we often 
write At, A^, I"^ etc. for A5, A^, I*^ etc. We also write V, Uq, IJi'^ , 
C/'?'°° etc. for [/'f'^J', f/{g}, [/•S'gUS^ jjSgUS,^ g^p_ g^^^ ^gg ^^ similar notation 
for adeles, ideles and fractional ideals. Thus for example for a finite subset 

5 of P^, 1*^'°° denotes the set S U 5oo-ideles and for a prime number q we 
have Eg = {x £ F* \ ord„(x) = OVu |g}. For £ G Pq = {2, 3, 5, . . . ,00} we 
sometimes write F^ rather than A^ = F (g) Q^ = Hijgs ^v- We shall denote 
by F^, Es,+, F+ etc. the totally positive elements in F, Es, E etc. 

For a Hecke character x ■ I/F* — t- C* of finite order and v G P_f we let 
Xv be its w-component, i.e. Xv '■ F* ^^ I — ;■ C*. More generally if S" is a 
finite set of places of F we denote xs '■ '^s ^ C* its restriction to I^ C I. If 
S consists only of non-archimedian places the image of xs is contained in 

Q* c Cp. 

We denote by N = Np/Q : F* -> Q* the norm given by N(x) = det(4) 
where ix '■ F ^ F is the Q- linear map "multiplication by x". This extends 
to a map {F CSq ^4)* -^ A* for any Q-algebra A which by abuse of notation 
will also be denoted by N. 

Unless otherwise stated all rings are commutative with unit. 



2. p-ADIC L-SERIES ATTACHED TO COHOMOLOGY CLASSES 

Let i? be a topological ring and let S* be a finite set of nonarchime- 
dian places of F (we mostly consider the case S = Sp). Assume that a 

decomposition S = Si U S2 into disjoint subsets is given. We introduce 
some spaces of i?-valued functions on adeles and ideles. Put C{Si, S2, R) = 
C{As,xA*s^xl'^'°°/U^''^,R),C,iSi,S2,R) = CciAs,xA*s^xl'^'^/U^'^,R) 
and C^{Si,S2,R) = CO(Asi x A^^ x l'^'°°/U^'°°,R). We let I~ act on 
CciSi,S2,R) by (a • /)(x) = /(a-^x) for a G I°°, / G CciSi,S2,R) and 
X G A°°. This induces an F*- resp. F^-action (for a finite place v) via 
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the diagonal embedding F* ^-s- I°° resp. the embedding F* M- I°°,x i— )■ 
(. . . , 1, X, 1, . . .). Note that 



0(5i, ^2, R) = (S) C^c{Fv,R) ® (g) C0(F;, i?) (g) C^,{F,,Rf^ 

veSi v€S2 v^s 



where the restricted tensor product (^ is taken with respect to the family 
of functions {lu^}v If 5*1 = we often drop it from the notation, i.e. we 
write CiS, R), CdS, R) and C^{S, R) for C(0, S, R) = C{I^/U^'^, R) etc. 

Assume now that S = Sp so Si U S2 = Sp. Let Gp = Gal(M/F) be the 
Galois group of the maximal abelian extension M/F which is unramified 
outside p and 00 and let p : I/F* — )• Gp be the reciprocity map. There is a 
canonical homomorphism 

(3) d : C{gp,R) -^ Hd-i{Fl,Cc{Si,S2,R)) 

whose definition we recall from [16]. We denote by E^ and F^ the closure 
of E^ and F^ with respect to the canonical embeddings 

E+ ^ Up, F| ^ i°°/[/P-°° 

Note that F^ = F'^Ej^. To begin with recall that the reciprocity map of 
class field theory p : I/F* — t- Gp induces an isomorphism 

(4) joo/pF^p,oo ^ i/F^UP ^ Gp 

We can regard F: = F^/E^ as a discrete subgroup of I°°/{E^ x U^'°°) 
by using the embedding T ^^ I°^/(£'+ x U^'°°). Next we construct an 
isomorphism 

(5) Ho{T,Cc{Sp,Rf+) -^ C{gp,R). 

Let pr : I°°/[/P'°° -^ I°°/(E+[/P'°°) denote the projection. Firstly, the map 

(6) CciI°°/E+UP'°^,R) -^ CciSp,Rf+, / ^ / o pr 

is obviously an isomorphism. If F denotes an (open and compact) funda- 
mental domain of I°° /E^U^'°° for the action of F then 

CciI°°/E+UP^'^,R) ^ ln<f C{F,R) ^ ln(f C{(I'^/E+ x UP''^)/T,R). 

Hence there exists a canonical isomorphism 

(7) Ho{T, Ccd^/E+UP'"^, R)) -^ C{{I'^/E+UP'°^)/T, R) 
which is given explicitly by [/] M- ^[(-igp fiC^)- Since 

(I°°/E+ X UP^'^) /F ^ Ioo/;pFf;p,oo ^ g^ 

(the second isomorphism is induced by the reciprocity map) the target of 

(7) can be identified with C{Qp,R). Thus we have an isomorphism 

(8) Hq{T, Cc{I°°/E+ X C/P'°°, R)) -^ CiGp, R) 

By combining (6) with the inverse of (8) we obtain the isomorphism (5). 
Let M be any F^ -module. Next we construct a homomorphism 

(9) Ho{T, H\E+, M)) -^ Hd-i{F;,M) 
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Since Ej^ = Z we have H^_i{E^,Z,) = TL. Choose a generator j] of 
H(i-i{E^,7j). Since the action of T on Hd{E^,7j) is trivial, taking the cap 
product with 77 yields an F-equivariant map H^{Ej^,M) — )■ H^_i{E^,M) 
hence 

(10) Ho{r, H\E+, M)) -^ Ho{r, Hd^i{E+,M)). 
We define (9) as the composite of (10) with the edge morphism 

Ho{Fl/E+,Hd-i{E+,M)) — > Hd-iiFl,M) 
of the Hochschild-Serre spectral sequence. 
Finally we define (3) to be the composite 

C{gp,R) ^ Ho{r,Cc{Sp,R)^+) ^ Ho{r,Cc{Si,S2,R)^+) 

where the first map is the inverse of (5), the second is induced by the 
natural inclusion Cc{S,R) ^^ Cc(S'i, 6*2, -R) and the third is (9) (for M = 
Cc{Si, S2, R))- l( R carries the discrete topology we write d^ rather than d 
for the map (3): 

a" : C\gp,R) -^ Hd-i{Fl,CciSi,S2,R)). 

Remarks 2.1. (a) There is in fact a canonical choice for 77 (since we have 
fixed a numbering ui, . . . , o"„ of the embeddings F M- M). The norm N : F — t- 

Q extends to a map N : F^o — > K- We denote the kernel of F^ _^_ C F^ — > R 
by T-L. The isomorphism Log : F^ ^_ — )• R'^, y 1— )■ (log((Ti(y)), . . . ,log((Ti(y)) 

maps Ti onto Mq = {z = (zi, . . . ,Zd) G M'^ | J2i=i ^i ~ 0} and £^+ onto a 
complete lattice in Mq. The isomorphism T-L/Ej^ = W^/'Log{Ej^) provides 
the {d — 1) -dimensional compact manifold T-L/E+ with an orientation. We 
chose r] G -ff(i_i(£'+, Z) so that it corresponds to the fundamental class under 
the canonical isomorphism i7^_i(E'+,Z) = Hd^iiT-L/E^^I,). 

(b) More generally for any discrete and cocompact subgroup of the G of Ti 
we obtain a canonical generator r]G of H(i-i{G, Z) in the same way as above. 
If G' is a subgroup of finite index of G then we have res(??G) = rjc- 

(c) The class r]G can be described explicitly in terms of generators ei, . . . , e^-i 
of G. Let n = ±1 be the sign of the determinant with rows Log(ei), . . . , 
Log{ed-i) , vq where vq = (1, . . . , 1) G M'^. Then rjc can be represented by 
the cycle nY^reSa-i sign(r) [e^(i)| . . . |e^(d-i)]. 

(d) We shall also need the cohomological analogue of the map (9). It is a 
homomorphism 

(11) H'^~\Fl, M) -^ H\T, Ho{E+, M)). 

Taking the cap product with rj yields a L-equivariant map H'^~^{E^, 
M) -^ Ho{E+,M) hence 

(12) H^{r, H''~\E+,M)) -^ H^{r, Ho{E+,M)) 
and (11) is defined as the composite of the restriction 

H'^-^{Fl,M) — >H^{Fl/E+,H'^-^{E+,M)) 
followed by (12). 
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Measure valued cohomology classes and p-adic L-functions. For a 

ring R put 

V{Si, S2,R) = BouiRiC^iSi, S2,R),R) = Hom(C°(5i, 82,^), R) 

and let 

(13) ( , ) : V{Si,S2, R) X C0(5i, 52, R) -^ R, 

be the canonical (evaluation) pairing. We define a I°°-action on V{Si, S2, R) 
by requiring that {x4),xf) = {(j), f) for all x G I°°, / G €^{81,82, 
R) and (p G T^{8i, 82, R)- The pairing (13) yields the bilinear map 

n : H''-\f;,V{8i,82,R)) X Hd-i{F;,C^^{8i,82,R)) -^ 
— > Ho{F^,R) = R. 

In the case R = Cp an element A G 'D{8i, 82, Cp) is called bounded if there 
exists a constant C > such that 

\Xmp < CMp, V0GCO(5i,52,Cp). 

Here || • ||p denotes the p-adic maximums norm (2). The I°°-submodule of 
bounded elements of 'D{8i, 82, Cp) will be denoted by T>^{8i, 82, Cp). Note 
that 'D^{8i,82,Cp) = Hom(Cj?(S'i, 5*2, Op), Op) 'S)^ Cp where Op denotes 
the valuation ring of Cp. Elements of T>{8i, 82, Cp) can be regarded as Cp- 
valued distributions and elements of 'D''{8i, 82,Cp) as Cp- valued measures 
on the locally compact space A^^ x 1'^^^°° /JJ^''^. Since a Cp-valued measure 
can be integrated against any continuous function with compact support 
the pairing (13) when restricted to V {81,82, Cp) extends canonically to a 
pairing 

( , ) : V''{8i, 82, Cp) X Cc{8i,82, Cp) -^ Cp. 
The latter gives rise to the bilinear map 

n : H''~\Fl,V\8i,82,Cp)) x Hd-i{F^,C,{8i, 82,Cp)) -^ Cp. 

For K G H'^^^ {F^, 1)^(81, 82, Cp)) we define the Cp-valued distribution jj.^ 
on Qp by 

(14) f fi^)fi,{d^) = UK)nd'if) yf(^c\Gp,R) 

J Qp 

(here i : V^{8i, 82, Cp) "^-J- V{8i, 82, Cp) denotes the inclusion). 

Lemma 2.2. (a) fi^ is a p-adic measure on Qp. 

(b) 4 /(7) /"«(d7) = '^ n dif) for all f G CiGp, Cp). 

Proof. It suffices to show that there exists a constant C > with 

(15) \Knd{f)\p < cWfWp yfeCigp,Cp). 

Choose A G V^{8p,Cp) representing the class of the image of k under the 
map (11) i.e. H'^-^{Fl,V^{8p,Cp)) -^ H^{T,HQ{E+,V^{8p,Cp))). Also let 
J- denote an open and compact subset of I°° which is f/°°-stable and such 
that the image of F under pr : I°° — )■ I°°/U°° is a fundamental domain for 
the action of P = F^/E^. Then (15) follows immediately from 

KHdif) = A(V-/op) V/GC(gp,Cp) 
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where p : I°°/{7^'°° — > Q^ denotes the reciprocity map. D 

Recall that the r-transform of a Cp-valued p-adic measure p, on Qp is given 

by 

Lp{ii,s) = / (7)Xd7) 

J Qp 

for s G Zp. Here (7)'': = expp(slogp(7\A(7))) where 7\A : ^p — > Z* is the 
cyclotomic character (it is characterized by 7^" = C,^^"i> for all p-power roots 
of unity C)- We have ([16], Thm. 3.13) 

Theorem 2.3. Let 81,82 be disjoint subsets of 8p with 81 L) 82 = 8p, 
let K € H'^^^{F^,'D''{8i,82,Cp)) and let fi = fXf^ be the associated p-adic 
measure on Qp. Then, 

ords=o Lp{iJ., s) > (j(S'i). 

We point out that this is consequence of d{{logpoM)^) = for k = 
0, ... r — 1 (where r = '^{81)), a fact which is proved in [16]. Indeed, by 2.2 
(b) we get for the k-th derivative of Lp{K, s) at s = 

Lf (/i,0) = / (logpoAA)V(rf7) = ^ndiilogpoAT)'') 

hence ords=o Lp{p, s) > r. 

Variant. Assume again that a decomposition S" = 6*1 U 5*2 of an arbitrary 
finite subset 8 of P^ into disjoint subsets is given. For a finite set T C P^ 
disjoint to 8 we define C(S'i, S'2,i?)"^ (resp. C{8i,82,R)t) by omitting all 
places of T (resp. by omitting all places of F not lying in 8 UT) from the 
definition of C{8i, 82, R)- Thus 

C{8i,82,Rf = C{As,xA*s^xI^^^'°^/U^^^'^,R) 

Ci8i,82,R)T = CiAs,xA*s^xlT/UT,R). 

Similarly one defines €^{81,82, Rf, €^{81,82, R)t, T^{8i,82, Rf, 
T^{8i, 82,R)t, T^^{8i, 82, Cp)-^, etc. If T = S'g for a prime number q then we 
shall also write C{8i, 82, R)'^, C^{8i, 82,R)'^ etc. for C{8i, 82, R)^, €^{81,82, 
R)'^ etc. 

The i?-module C^{8i,82,R)^ (resp. C^{8i, 82, R)t) carries a canonical 
I '°°-action (resp. Ij'-action). It is easy to see that 

C{8i,82,R) ^ Indj;r^C(5i,52,i?f 

e{8i,82,R) ^ Indj;:C(5i,52,i?)T. 

Thus by weak approximation we have C{8i,82,R) = Ind^^ C{8i, 82,R)'^ 
as F_;-modules. Moreover if I^ur,oo ^ jjSuT,oojp*^ ^^^^ 

C{8i,82,R) ^ lnd%^C{8i,82,R)T. 

Similar statements hold for Cc(<S'i, <S'2, q, R), T^{8i, 82, R) and V^{8i, 82, Cp) 
where in the latter cases Ind has to be replaced by Coind. 
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For example by Shapiro's Lemma there are canonical isomorphisms 

(16) Hd^i{Ef'^,Cc{Si,S2,R)T) = Hd-i{F:i,Cc{Si,S2,R)) 

j£ j5UT,oo _ jjSUT,oDp* 

Hence the map (3), Thm. 2.3 etc. can be formulated in terms of Et,+- 
(co-)homology with coefficients in C^(5i, ^2, -R)t, ^('S'l, 5'2,Cp)r etc. The 
isomorphisms (16) are induced by inclusions (i.e. adjunction maps) 

(17) C{Si,S2,Rf -^ C{Si,S2,R) 

(18) C{Si,S2,R)t -^ C{Si,S2,R) 

given by (/) I— 7- (/) (^ luj. (resp. (p ^ (p I^sut.oo). Note that (17) is Et- 
equivariant and (18) is £^'^^-^-equivariant. 

If g is a prime number such that Sq is disjoint from SUT then (18) factors 

(19) (17) 

in the form C{Si, S2,R)t -^ ^(5*1, 5*2, R)'^ — -4- C{Si, S2,R) where 

(19) CiSi,S2,R)T -^ CiSi,S2,Ry, (p^ <P<E)lusuT,,,^. 

3. ShINTANI COCYCLES 

Definition of a Shintani cocyle. For linearly independent xi,...Xm £ 
Foo the (open) cone C(xi, . . . , Xm) generated by {xi, . . . Xm) is defined by 



C(xi,...Xm) = S /J ^iXi I Ai G M+ Vi = 1,... ,m 




It is called positive if xi, . . .Xm G -^oo,+ and rational if it is generated by 
xi, . . . Xrn £ F*. A rational cone C = C{xi, . . . Xm) generated by xi, . . . Xm £ 
F^ is called a Shintani cone. Note that this is equivalent to the condition 
C C -Foo,+- A subset D of -Foo,+ that can be written as a finite disjoint union 
of Shintani cones is called a Shintani set. Let /C (resp. /C^at) denote the Z- 
span generated by all characteristic functions Ic of positive (resp. Shintani) 
cones. The group F^ _^ acts on /C via (x • f){y) = f{x~^y) for x G F^ _,_, 
f & JC and y G F^o and /Crat is a Fjjl-stable subgroup. Since the intersection 
of two Shintani sets is again a Shintani set the product of two functions in 
/Crat lies again in /Crat- 

Let G be a discrete subgroup of ^ = {x G F^ _,_ | N(x) = 1}. It intersects 
a given positive cone C = C{xi, . . . Xm) in only finitely many points. In 
fact Log maps G to a lattice in Mq and C n ^ to a bounded open subset of 
Mg so the intersection G n C w Log(G fl C) is finite. Hence for / G /C and 
y G -^oo,+ almost all terms in the sum XlzeG i^fliv) are = 0. Thus the map 
/ I— 7- ^^gc xf induces a homomorphism 

(20) i7o(G,/C) ^Maps(Foo,+,Z)^. 

For a subgroup G oi % which is discrete and cocompact (i.e. Log(G) is a 
complete lattice in Mg) we let 

(21) Vg : H'^~Hn,IC) -^ Maps(Foo,+,Z) 
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be the composition of 

with the map (20). 

Lemma 3.1. Let G,Gi,G2 be discrete cocompact subgroups ofH. 

(a) If Gi C G2 then tpci = ipG2 ■ 

(b) Put °\/G: = {x G F^ _,_ I x" G G for some n G N}. Then the image of 
(21) is yG -invariant. 

Proof, (a) This fohows from the commutativity of the diagram 
H'^-^G2,1C) ^^ Ho{G2,JC) -^ Maps(Foo,+,Z)G2 

5S incl 

H<^-\Gi,1C) ^^ HoiGuJC) -^ Maps(Foo,+,Z)^i 

which is due to res rjc^ = ??Gi • 

(b) is a consequence of (a) since °\/G is the union of groups G' with G' ^ G 
and [G' : G] < 00 and since Im(^G/) is G'-invariant. D 



In the case G = £'+ we restrict the map / 1— )■ J2eeE ^f ^^ f ^ ^rat and 
obtain a homomorphism 

(22) Ho{E+,ICr.t) -^ Maps(Foo,+,Z)^+. 

Recah that a Shintani set A is called a Shintani decomposition if -Foo,+ can 
be decomposed as the disjoint union of £^_f,-translates of A 



°°'+ - ^eeE' 



^-'eeE' 

Shintani [14] has shown that they exists. 
Lemma 3.2. The map (22) is injective. 

Proof. Let / G /C and let ^ be a Shintani decomposition for E^. By 
([6], Lemma 3,14) there exists only finitely many e G £'+ with 1^^ • / 7^ 0. 
Modulo the augmentation ideal of the group ring Z[£'+] we get 

/ = E l^-4-/ = E <^A-e''f) ^ Yl 1-4 -(e-V). 

eeE+ e€E+ eGE+ 

Hence any element of Hq{E^,IC) has a representative / G /C with supp(/) = 
{x G Foo,+ I /(x) 7^ 0} C ^. For such / and y G ^ we have YleeE+ i^Div) = 
f{y) so in particular X^^g^ e/ = implies / = 0. D 



Similarly to (21) we define 
(23) H''~\Fl, ]Cr.t) -^ Maps(Foo,+,Z) 
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to be the composition of 

(24) H''-\Fl,1Cr.t) ^ H''-\E+,IC,,t) '^^ H^iE+Xr^t) 

with the map (22). 

Definition 3.3. A cohomology class a G H {F^,]Crii,t) is called Shintani 
cocycle if the following equivalent conditions hold: 

(i) a is mapped under (24) to the class [lyx] G i7o(i?+,/Crat) of the charac- 
teristic function 1^^ of a Shintani decomposition A. 

(a) a is mapped under (23) to the constant function = 1 on Foo,+ - 

That (i) and (ii) are indeed equivalent follows from Lemma 3.2 since [1_4] 
is mapped to the constant function = 1 under (22). 

Solomon [15] has defined a Shintani cocyle in the case d = 2. In [11] Hill 
has constructed a cohomology class in H'^~^{F*,C) for arbitrary d where C is 
the quotient of the Z-span of the characteristic functions of all rational cones 
modulo the constant functions -Foo — {0} — )■ Z. We recall his construction and 
show that it is indeed a Shintani cocyle in the above sense when restricted 
to the subgroup F^ of F* . 

Hill's construction. Let /c be a field and V a /c-vector space of dimension 
d. Let K/k be a field extension and let ti, . . . , t^ G -ftT be elements which 
are algebraically independent over k. For a /c-basis v = (vi, . . . ,Vd) of V, a 
/c-algebra A and a G yl we define the element b{v, a) ^ Va = A C^k V hy 

d 

b{v,a) = y ^ a^~^ Vj. 

Recall that a set of vectors of V is said to be in general position if every 
subset with no more than d vectors is linearly independent. We have (see 
also [11], Lemma 1) 

Lemma 3.4. Let K/k he a field extension and letti, . . . ,tii G K be elements 
which are algebraically independent over k. Given a collection of d bases 
t;(i) = (t,W, . . . , z;J^), . . . , v!-'^^ = (vf \ . ..,vf^) ofV andveV,v^O the 
set of vectors in V} 



K 



{v,b{v!^'\t^),...,b{v!^^\td)) 



is in general position. 



Proof. Let uj : V — t- fc be a determinant form on V. To prove that 
{b{v}^', ti), . . . , b{v}'^' ,td)) is linearly independent it suffices to show 

/(ti,...,trf): =u;ibiv^^\ti),...,b{v^''\td)) / 0. 

Let X be the closed subvariety / = of A^ = Spec k[ti, . . . ,td]. We have to 
show X 7^ A^. For that we may assume that k is infinite. Now for any d ele- 
ments ai, . . . ,ad £ k with Oj / aj for i j^ j the d-tuple {b{v, oi), . . . , b{v, Od)) 
is a basis of V. Hence by Steinitz' lemma we can choose ai, . . . , a^ G k suc- 
cessively so that {b{v}^> , ai), . . . , b{y}'^\ ad)) is a basis, i.e. /(ai, . . . , Od) / 0. 
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Similarly, one shows that {v,b{v}^\ti), . . . ,b{v}- ' ,td-i)) is linearly inde- 
pendent. □ 



Assume now that k is an ordered field (i.e. k = Q or k = R), V a d- 
dimensional fe- vector space and co : V — )■ /c a determinant form on V. For an 
extension of ordered fields K/k and linearly independent vectors vi, . . . ,Vm 
of Vk we denote as before the open cone {J27^i ^i'^i I Aj G -fC, Aj > OVi = 
1, . . . , m} by C{vi, . . . Vm)- We also use the notation C[vi, . . . Vm] for the 
closed cone {J^iLi ^i'^i I Aj G -R', Aj > Vi = 1, . . . ,m} — {0}. A cone is 
called fc-rational if the generators wi, . . . , Vm can be chosen vaV. li d = m 
we define a function c{vi^ . . . Vd) : Vk — {0} — )■ Q by 

c{vi,...,Vd){v) = s\gn{u){vi,...,Vd))lc{vi,...Vi){v)- 

We choose a field extension K/k with a discrete rank d + 1 valuation 
w which is trivial on k and so that its residue field is k. Recall that w 
is a surjective map w : K ^ IJ^^^ U {+00} such that for all x,y ^ K 
we have (i) w{x) = +00 <^ x = 0, (ii) w{xy) = w{x) + w{y) and (iii) 
w{x + y) > mhi{w{x),w{y)). Here 'L'^^^ carries the lexicographical order 
(mo,...,md) < (no,...,nd) <^ mo = no,...,mj_i = ni-i.rm < ni for 
some i G {0, ...,(i}. We denote the corresponding valuation ring by Ow 
and the valuation ideal by m^ so that O^/m^ = k. For x G Ow we denote 
by X G A; the residue class xmodm^. We fix to,ti, . . . ,td £ K so that 
w{to) = (l,0,...,0),^(ti) = iO,l,...,0),...,witd) = (0,...,0,1) is the 
standard basis of 'Z'^^^. We introduce an ordering on K by 

(25) X > ^ u > 

where x = ut^° ■ ■ ■ t^"^ G K* with u G O*^ and w{x) = (rriQ, • • • , rnd). Note 
that to, . . . ,td are algebraically independent over k and that we have < t^ 
and ti < t™ii for alH G {1, . . . , d} and m G N. 

We fix a fc-basis v = ("Ui , • • • , Vd) of V and a determinant form u : V — )■ k 
on y. For 51, . . . , 5rf G GL(y) : = Aut(F) and w G F - {0} we define 

z{gi,---,gd){v) = c{gi{b{v,ti)),...,gd{b{v,td))){v). 

Note that gb{v, a) = b{gv, a) for all g G GL(y) and a £ K. Hence by Lemma 
3.4 the vectors v , gib{v, ti)) , . . . ,gdb{v,td)) are in general position. By ([11], 
Prop. 3 and Thm. 1) the following holds 

(SCI) For all go,gi, ■ ■ ■ ,gd & GL(F) and v £ V - {0} we have 

d 

^{-'^y z{go,...,gi,...,gd){v) 

i=0 

= (-l)'^ c{b{gov, to),..., b{gd-iv, td^i)){-b{gdV, td)). 

(SC2) YoT g,gi,...,gd£ GL(F) and t; G V - {0} we have 

z{ggi,---,ggd){v) = sign{det{g)) z{gi,...,gd){g'^v) 

(SC3) For gi,...,gd G GL(y) there are finitely many disjoint /c-rational 
open cones Ci,...,Cm such that z{gi, ... ,gd) = Yl'iLi Ic,- 
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We also need the following 

Lemma 3.5. Let gi, . . . ,g(i G GL(y) and assume that bi = gi{vi), . . . ,b(i = 
Qdiyi) is a basis ofV. Then 

sign{uj{bi,...,bd)) = sign{uj{gi{b{v,ti)), . . . ,gd{b{v,td))) 

and 

C{bi,...,bd) C C{gMv,ti)),...,gMv,td))nV C C[b^, . . . ,ba]. 

Proof. The first assertion follows immediately from the definition of the 
ordering on K. Let v £ V — {0} and let Ai, . . . , A^^ G -ftT be the coordinates 
of V with respect to the basis gi{b{v,ti)), . . . , gdit>{v, td)) of Vk- We claim 
that Xi, . . . , Xd £ Ow If not there exists i G {1, . . . ,d} with w{Xi) < and 
w{Xi) < w{Xj) for all j G {1, . . . , d}. We get 

d 

= X^^v = \] Xj/Xibj modmw<E>kV 
i=i 

which contradicts the assumption that 6i, . . . , 6,^ is a basis. The congruence 
shows as well that Xi, . . . ,Xd G k are the coordinates of v with respect to 
bi, . . . ,bd- From this the assertion follows immediately. D 



Existence of Shintani cocycles. Assume now k = Q and V = F. We 
remark that FK = F<^qK as well as M0qK are integral domains since Q is 
algebraically closed in K. In fact FK is a field. We will denote the quotient 
field of M(8)QEr by K. The valuation w induces a valuation on IK with residue 
field M. Hence by the same recipe (25), w and the parameters to,...,td 
induce an ordering on K. For i = 1, . . . ,d the embedding Uj : F — )■ M induce 
an embedding FK — t- IK as well as homomorphisms of M- resp. IK- algebras 
Foo — ^ K and FKoo : = FKi^k^ = -^<^qIK — ^ IK. By abuse of notation these 
maps will be denoted by ctj too. We put FK+ = {x G FK | (Tj(x) > OVi = 
l,...,d} and define FKoc,+ similarly. Note that FK^^+DF = FK+DF = F+ 
and that FK^ and FK^^j^ are stable under addition and multiplication. 

We define a determinant form w on F by oj{xi, . . . , Xd) = det((Tj(xj)). We 
fix a Q-basis x = (xi, . . . , x^) of F with xi = 1. For ui, . . . , u^ G F^ ^ and 
y G Foo we define 

z{ui,...,ud){y) = c{ui{b{x,ti)),...,Ud{b{x,td))){y) 

= sign{uj{b{uix, to), ..., b{udx, td))) lc{b{uix,to),...M^dx,ta))iy)- 

The function y i— )■ z{ui, . . . , Ud){y) lies in /C. In fact for a G K with w(a) > 
and i G {1, . . . , d} we have 

d d 

cri{b{x,a)) = >^ ai{xj)a^^^ = 1 + 2, (^i{xj)a^^^ > 0. 
i=i i=i 

Hence b{uix, to), . . . , b{udX, td) G FKoo,+ and therefore z{u\, . . . , Ud){y) / 
only if y G Foo,+. On the other hand by (SC3) there exists finitely many 
disjoint cones Ci, . . . , Cm such that z{ui, . . . , Ud) = ± "^^i Iq- It follows 
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Ci C Foo,+ for alH = 1, . . . , m. Moreover iiui, . . . ,Ud G F^ then Ci, . . . , Cm 
are rational cones hence z{ui, . . . , Ud) G /Crat- 

Lemma 3.6. The map z : {F^ _^Y — )■ /C, (ui, . . . ,Ud) i— > z{ui, . . . ,Ud) is a 
homogeneous {d — l)-cocyle of F^. 

Proof. Let uo,...,Ud G F^^. Since b{uox,tQ), . . . ,b{udX,td) are in 
general position there exists unique non-zero scalars Xo,...,Xd-i G K* 
with Yli=o ^ib{uiX,ti) = —b{udX,td)- If all Aj were positive it would im- 
ply —b{udX,td) G FKoo,+ contradicting b{udX,td) G FKoo,+ - It follows 
—b{udX,td) C(6(nox, to)) • • • ) ^(wd-ii£)^d-i)) and therefore by (SCI) and 
(SC2) that z is a homogeneous {d — l)-cocyle. D 

Proposition 3.7. Let [z^at] be the cohom^ology class of the cocycle z^g^t '■ 
{F^Y -^ ^rat, (ui, ■■■ ,Ud) ^ z{ui, . . .,Ud). Then either [z^at] or -[zrat] is 
a Shintani cocycle. 



Proof. Let g G Maps(Foo,+,Z,) be the image of [z-rat] under (23). Since 
the image of [zrat] under the canonical map i?'^~^(F^,/Crat) -^ -ff'^~^(-F+,/C) 
is the restriction (to Fjji) of the cohomology class [z] G H'^~^{F^ _^_,}C) of 
z : {F^ _^_Y — )• /C we get g = ipE+{[z]). Therefore by Lemma 3.1 g is °\/E+- 
invariant i.e. we have g{y) = g{ey) for all e G °\/E+ and y G i^oo,+- By ([4], 
Lemme 2.1 and 2.2) there exists elements ei, . . . , ed^i of E^ with 

(i) The subgroup E' of E^ generated by ei, . . . , ed-i is free of rank d — \. 

(ii) For all r G Sd-i put fi^r = 1 and fi^r = \{j<i ^t(j) for 2 < i < d. 

Then (/i,t5 • • • , fd^r) is linearly independent and for all r G Sd-i we 

have sign(a;(/i,^, . . . , fd^r)) = sign(r). 

(iii) For r G Sd^i put Cr = C{fi r,---Jdr)- Then eCr n e'Cr' = for 

(e,T),(e',T') eE'x Sd-i with (e, r) ^ {e' ,t'). 

For T G S'd-i we also set Cr = C{b{fi^rX, to), ... , b{fd,TX, td)) n Foo,+- Since 
the closure Cr of C,- in Foo,+ is C[fi^r, ■ ■ ■ , fd^r] we have Cr Q Cr Q Cr by 
Lemma 3.5. By Lemma 3.1 (a) we get g = '4)e'{[z\) hence by Remark 2.1 
and Lemma 3.5 we obtain 

g{y) = ±Y.{ Y. sign(r)z(/i,,,...,/,,.))(e-iy) = ± j; \^^{y). 

For pairs (e, r) / (e', r') condition (iii) implies eCr n e'Cr' = (because eCr 
is open). In particular C: = Qd = C{1, fi, . . . , fd-i) does not intersect 
eCr for all pairs (e,r) / (l,id) and consequently 5 is constant = ±1 on C. 
Hence by Lemma 3.1 the function g is constant = ±1 on the set 

°^/E^ ■ C = {y £ Foo,+ \ y = eyo for some e G \/E^ and yo G C }. 

To finish the proof we have to show '\/E+ ■ C = -Foo,+ or that the image 
of \/^+ ■ C' under Log is = W^. However Log( "^/E^) is a Q- vector space 
which spans Mq and for any t G M the intersection of the open set Log(C) 



with Rf: = 


-{z 


= {zi,...,Zd) 


G W^ 1 


T'^ z- 


Rf C Log( ^1^+ 


■ C) for all t G 


M and therefore 
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= t} in nonempty. Hence 

&'^ = Log( VE^-C). D 



(S*, T)-Shintani cocysles. For a finite set S of nonarchimedian places of F 
we denote by ¥i^ (resp. /C5) the subgroup of /Crat generated by the charac- 
teristic functions \c of Shintani cones C generated by elements in E^ (resp. 
£"5^+). Note that K,^ resp. /C5 is a E^ resp. £^5^+-stable subspace of /Crat- 
For a prime number q we write K,q for /Cs'^. We have Ks = lim /C where 

T runs through all finite subsets of P^ — S. 

Let 5", T be finite disjoint subsets P^. Consider the composite 

(26) R''-\eI,K,t) ^ ii^-\E^,K,T) '^^ H^{E+Xt). 

Definition 3.8. (a) A T-integral Shintani decomposition A is a Shintani 
set which can be written as a finite disjoint union of Shintani cones each 
generated by elements in -E't,+ - 

(b) An {S,T)- Shintani cocycle is a cohomology class a G H'^^^{E'^,]Ct) 
which is mapped under (21) to the class [1^4] G Hq{E^,ICt) of the charac- 
teristic function of a T-integral Shintani decomposition A. If T = Sq for 
a prime number q then a {S, Sq)- Shintani cocycle will be also called {S,q)- 
Shintani cocycle. 

Proposition 3.9. For a finite subset S ofP"^ there exists another such set 
So ^ S so that an {S,T)- Shintani cocycle exists for all T which are disjoint 
from Sq. In particular there exists an {S,q)- Shintani cocycle for almost all 
prime numbers q. 

Proof. Let a G H {F^,lC^g,t) be a Shintani cocycle and let as be its 
image under res : H'^^'^{F^,lCj-iit) -> II'^^^{Ef,]Cra.t)- Since Ef is finitely 
generated the functor H {E^, •) commutes with direct limits. Hence 
there exists a finite set Sq D S and qq G H'^~^{Ef,IC^'^) such that /-*(ao) = 
as where t : )C^° C /Crat is the inclusion. 

There exists a Shintani decomposition A such that the image a under (24) 
is equal to [1^] G Hq{E^, JC^at)- By enlarging ^o if necessary we may assume 
that A can be written as a finite disjoint union of Shintani cones generated 
by elements in -E'+°. This may not necessarily imply that the image of ao 
under 

H''-HeI,IC'") ^ H''-\E+,IC'") '^-^ Ho{E+,lC^'^) 

is equal to the class of 1_4. However by further enlarging ^o we may assume 
this as well (here we use that Hq (E^ , ■ ) commutes with direct limits) . It is 
now obvious that for all T disjoint from 5*0 the image of ao under the canon- 
ical map H'^~\El,lC^o-^ -^ H'^-^{EIXt) is a Shintani (5, r)-cocycle. 

D 
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4. Integrality properties of L- values attached to Shintani 

CONES 

Locally constant functions on adeles and ideles. Our aim now is to 

relate the function space C^{Si, S2, R) to the Schwartz space 5(A°°,i?) i.e. 
the space of compactly supported locally constant functions A ^ R. 

In general for a locally compact totally disconnected topological ring A 
and a ring R the Schwartz space S{A, R) is defined as S{A, R) = C^{A, R). 
The group A* acts on S{A,R) by {af){x):_= fia'^x) for a £ A^, f £ 
S{A,R) and x £ A. Using the embedding Q ^-^ Cp we view 5(^,Q) as a 
subspace of S{A, Cp) and denote the induced p-adic maximums norm (2) on 
5(A,Q) also by || • \\p. 

In order to relate C^{Si,S2,R) to S{A^,R) we first consider the local 
case. For v G P^, (p G Cc{F*,R)^'' and x G F* the infinite sum 

CO 00 

n=0 n=0 

is finite and one easily checks that F* -^ R, x ^ (X^^o '^^'P){x) extends 
to a function in C^{Fy,R). For example \i (f) = lu^ then ^^q w^cj) = Iq^- 
We obtain a FJ-equivariant i?-linear isomorphism 



00 



(27) 5,:C^,{F:,Rf^ ^S{F,,Rf\ ^ J^ t:^> 

n=0 

which is characterized by 5v{lxUy) = ^xOv- 

Now consider S{A^,R) with its canonical I°°-action. We have 



5(A~,i?) ^ (^S{F,,R) 

DJCO 

where the restricted tensor product (^ is taken with respect to the family 
of functions {lov}v- Thus by taking the tensor product of the maps (27) we 
obtain a canonical I°°-equivariant isomorphism 

A:C^(I^/U^,R) = C^{I^,Rf°° ^ S{A°°,Rf^. 

It can be considered as a linearization of the map sending an idele to the cor- 
responding fractional C'i?-ideal. Indeed, it is characterized by A{lyuoo)(x) = 
la(x) for y G I°° and x G F where G X denotes the ideal corresponding to 
yU^ under the isomorphism I°°/C/°° = I. 

More generally, if 81,82 are disjoint finite subsets of P^ and 8 = 8iU 
82 then by taking the tensor product of the canonical inclusion C^{As^ x 
A*g ,R) —7- S{As,R) ("extension by zero") with the tensor product of the 
maps (27) for v ^ 8 we obtain a I°°-equivariant monomorphism 

C',i8i,82,R) ^SiA^,Rf''°°. 

It maps a function of the form = 0t, with 0^ G Cl}{F*,R)^^ for all 
V ^ 8 to (j) = <^ (pv with (pv = (pv ^f V £ 8 and (py = 5v{(pv) if w 5". 
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Similarly, if g is a prime number with Sq D S = then by the same 
procedure we obtain a canonical I'^'°°-equivariant monomorphism 

(28) C'^,{Si,S2,Ry -^ S{A^'^,Rf'''''^. 

Solomon-Hu pairing. For a finite dimensional Q- vector space V we denote 
by QI^l the algebra nn>o Sym" V and let Q((F)) be its quotient field. A 
choice of a basis {vi, . . . Vm) of V induces isomorphisms between Q[y] resp. 
Q{{V)) and the power series ring Q[zi,...,Zm] resp. the field of Laurent 
series Q((zi, . . . , Zm))- Elements in Q|V^] can be written as formal sums 
X]ra>o ^" with Vn G Sym" V. We denote the augmentation map by 

evo : QIFI ^Q,i^ = ^Vn^ evo(^) = vq 

n>0 

(thus if we think of V' as a power series in zi,. . . ,Zm then evo(V') is the 
evaluation at zi = ... = Zm = 0). We have Q[y]* = {^|J G Q[F] | evo(V') ^ 
0}. 

For y = F 0Q Q we put 7^ = QlF (S)q Qj and Q = Q((F ®q Q)). The 
field F can be viewed as a subset of 7^ via the embedding l : F ^^ F fS>'Q = 
Sym"^(F(8)Q) C TZ, i.e. i(x) = J2n>o ^" with v\ = x and w„ = for all n / 1. 
The multiplication in F induces a F*-action on Q, F* x Q — )■ Q, {x^g) i— t- 
X -k g which is characterized by a; * (i(a;i) • • • /-(x„)) = t(xxi) • • • i{xxn) for 

X, Xl , . . . , Xj2 t -T . 

Solomon and Hu [12] (see also [11]) have constructed a pairing 

(29) ((,)): /Cratx5(A°°,Q) -^ Q 
with the following properties 

(SHI) ((x/, x$)) = X * ((/, $)) for aU X G F*, / G /C^at and $ G 5(A°°, Q). 

(SH2) If C is a Shintani cone C = C(xi, . . . Xm) with xi, . . . Xm G F+ linearly 
independent over Q and if <I> G 5(A°^,Q) is invariant under translation by 

m 

{{ic,n =l{^^-eMx^)r' ■ E ^{x)exp{x) 

1=1 a;GFnP{a;i,...,Xm) 

where exp(y) = Yli^o '-(y)"/"-' ^ ^ and 



m 



P{xi,... ,Xm) = {^tiXi\ tj G M, < tj < 1 Vi = 1,. . . ,m}. 

j=i 

Cassou-Nogues' trick. For a Shintani cone C and ^ G 5(A°°, Q) we con- 
sider the Dirichlet series 

L{<^,C;s) = Y^ $(x)lc(a;)N(x)-^ 

xGF 

Following Cassou-Nogues [3] we study its value at s = for certain C and 
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Let g be a prime number 7^ p and let q be a place of F above q. We define 

0q e 5(Fq, Q) by (/>q = lo, " N(q) {w^lo,) i.e. 

{1 ifxGC/q, 

l-N(q) ifxGqOq, 
otherwise. 

Let ^q : Fq — )• Q denote an (additive) character with Ker(?/'q) = Oq and 
define {x,y)q: = '>pq{xy) for x,y £ Fq. One can easily see that (p^ is the 
Fourier transform of the function 1^-ijj £ S{Fq, Q). Hence by the Fourier 
inversion formula we obtain 

(30) <^q(x) = -J](x,|/)q 

for all X £ Fq where Q is a system of representatives of the set of cosets 
Wq^Oq/Oq - {Oq} = {y + Op \ y £ q^^Oq - Oq}. Note that if N(q) = q 
then {x,y)q is a primitive q-th root of unity for all y G Q and x £ Uq. We 
define (j)q £ S{Fq,Q) as the (tensor) product of <pq and the functions lo^ for 

v\q,vj^q 



(31) 0^ = 0^0 (^ lo. G(^5(F„Q) ^ cS(F„Q). 

i)|(jr,D^q v\q 

Assume now that N(q) = q (for example we may choose a prime q ^ p 
which splits completely in F and take any place q above q) . In the following 
Lemma we identify 5(A9'°°,Q) 5(Fg,Q) with S{A^M). Thus for cp £ 
S{A?'°°, Q) we regard (j)® (pq as an element of 5(A°°, Q) (the function (pq is 
defined by (31)). 

Lemma 4.1. Let (p £ 5(A^'°°,Q) and let C = C(xi, . . . ,Xm) &e a Shintani 
cone generated by xi, . . . , Xm £ Eq^+. 

(a) We have {{lc-,(t>® (pq)) G T^- Moreover, 

(32) \eM{{^cA®(pq)))\p < UWv 



(h) L{(p® (pq,C;s) converges absolutely for Re(s) > m/d and extends holo- 
morphically to the whole complex plane. At s = we have 

L{^(S)cPq,C;0) = evo(((lc,0^0g))). 

Proof. Put ^ = (f> <g) (Pq and $0 = </> ^ (8)^,|g lo„ G 5(A°°,Q). By (30) we 
get 

(33) $(x) = -Y,{x,y)^Mx) 

y&Q 

for all X G F (we consider elements of 5(A°°, Q) also as functions on F via 
the diagonal embedding F ^-J- A°°). There exists two fractional Oi^-ideals 
a C b C F such that $0 ha-s support in b and is constant modulo a, i.e. 
supp(<^o) n F C b and (^q{x + a) = (p{x) for all a G and x £ A°^. Since 
the g-component of ^q is = (^j,|„ lov ^^ may assume that no prime of Op 
above q occurs in the prime decomposition of and b. 
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Fix i £ {!,••• ,m}. Since Xi lies in Eg there exists a positive integer M 
prime to q such that Mxi £ a. Indeed, no prime ideal above q occurs in 
the prime decomposition of x~ a and we can choose M to be the positive 
generator of x~ o n Z. 

By replacing each Xj by some multiple Mxi with q \ M we can (and 
will) assume that xi, . . . ,Xm £ a, i.e. ^q is invariant under translation by 
Y^™^i '^Xi. Since Xi is a unit at q (i.e. ordq(xi) = 0) we remark that {xi,y)q 
is a primitive g-th root of unity for all y G Q and i = 1, . . . ,m. So by (33) 
the function $ is invariant under translation by Yl^i "^(QXi)- 

Since P = P{qxi, . . . ,qxm) is the disjoint union of sets of the form 
(SI^Li ''T'i^i) + -P with P = P{xi, . . . , Xm) and < ni, . . . , n^ < g - 1 and 
because ^q is constant modulo YliLi '^^i we obtain using (33) 

^ $(x)exp(x) = -^ ^ {x,y)q'^o{x)exp{x) 
xeFnP y^Q xebnP 

q—l m 

= -^ ^ (x,y)q$o(a;)exp(x) ^ JJ((xi,i/)q exp(xi))''^ 

j/eQxebnP ni,...,nm=0 i=l 

E:rebnp(2^' y>q<^o(x) exp(x) 



i'^ --'-»■ 5 W-(^...),expfe)) 



By (SH2) we obtain 

m 

((lc,$)) = [J(l-exp(gxi))-i • Y^ <5(x)exp(x) 



i=l 



xeFnP 



y^ Exgbnp(^^^)q^o(^)exp(a;) ^ ^ 
^ ni^i(l-(a;i>y)qexp(xi)) 

since evo(l - (xj,y)q exp(xj)) = 1 - (xj,y)q / hence 1 - (xi,y)q exp(xi 
G TZ* for all y G Q and i = 1, . . . ,m. Moreover we get 

To deduce (32) note that |1 — {xi,y)q\p = 1 hence 



|evo(((lc,^)))|p < max] V {x,y)^^o{x)\p < ||^o||p 

x&nv 

(b) For L{^,C;s) we obtain 



p- 



L{^,C;s) = -^ Yl (^,y>q<^o(x)N( 
yeQ xebnc 



x) " 



5^ 5^ (x,y)q$o(x) Y. n^^-y)^'N(x + j; 



fliXij 
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Fix y £ Q and put ^i = {xi,y)q. To deduce (b) it is enough to show that 
the Dirichlet series 

oo m m 

ni,...,nm=0 i=l i=l 

extends to a holomorphic function on the whole complex plane and that its 
value at s = is equal to y^m ]i_f\ - This is well-known (see [14], Prop. 9 
or [3], Thm. 5 and Thm. 13). D 



p-adic measures attached to Hecke characters and cones. Let x '■ 

I/F* — 7- C* be a Hecke character of finite order with conductor f(x)- Our 
aim is to construct a £'g^_|_-equivariant pairing 

(34) (( , ))^,q : /C,xC0(5i,52,Q)« -^Q 

(a variant of the Solomon-Hu pairing) with the property that for fixed f £ ICq 

the map ((/, • ))^^^ : C0(5i,52,Q)« ^ Cp, ^ ((/''^))x,q ^^ ^" element of 
Vb{Si,S2,Cp). 

Let Sq be the set of all v £ P^ which divide pf{x)- We decompose 
^o into disjoint sets Sq = Si U S2 U Ss where Si = {v £ Sp \ Xv = 1}, 
S2 = Sp- Si and S3 = S- Sp. Note that x^° ■ I^"'°° ^ Q* factors through 
j5o,oo^^5o,oo ^ x^°. Hence we may view x^° ^is a character 

^ = ^So.jSo _^ Q*^ a^x^"(a). 

We fix a place q of F such that q = N(q) is a prime number with SqCiSq = 
0. Since 19.°°/^^ .^[/^cg.oo ^ i/i?*f/5o ^e can (and will) also regard x as a 
character of 

(35) X ■■ 1"^'°° -^ Q* 

with Eg^+U^<-'''^'°° C Ker(x). 

Note that since Xv = ^ for all v £ Si we can extend (35) to a multiplicative 
map X '■ ^Si X 1"^^'^'°^ — > Q . We define a map 

A>^ = A^ : C',{Si,S2My -^ 5(A°^,Q) 
as the composition 

C^JSi,S2,Qy '^' C'ciSi, S2 u SsMy ^ C0(5i, ^2 U Ss,W 



5(A«'°^,Q) ^^' 5(A°°,Q). 
Thus for an element (/> £ C^{Si, S2, q, Q) of the form (p = ^^y„^ 4>v with 

CO(F„,Q) if^G^i, 

b, £ { c^iF*,q) ifv£S2, 
cO(f;,q)^- -ifv^SpUSg 
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we have A^(0) = <S>v>!oo ^v where <pv G S{Fy, Q) is given by 

Xv4>v ifveSo, 

lo, -N(q)U,o, iff = q, 

SviXv4>v) if t- ^ SqU Sg. 

Since (pv = luv ^^^ almost ah v we have (f>v = lo„ for almost all v. 
We remark that 

A^(y0)(x) = x{y){A^m{y~'x) 

for X £ A°°, y £ F'«^ and (/> G CO(S'i, S'2, g, Q). In particular A>^ is Eg^+- 
equivariant. We also note that ||A^(0)||p = ||0||p where || • ||p denote the 
norm (2) on C°(S'i, S'2,Q) and 5(A°^,Q) respectively. 

Let y = {yv)v G Us^ x I'^'o.oo be an idele whose components y^ at places v 
above q are all = 1 (hence we can view y as an element of 1"?'°°). We need 
an explicite description of A^{lyuq,oo). For that let G X " C X be the ideal 
corresponding to yV^ . Then for x £ F we have 

(36) A^{lyu.,^)ix) = xix-^a){lanEs,ix)-m)UnEs,{x)). 

According to Lemma 4.1 the image of a pair (/, A^(0)) with f £ JCq and 
£ C°(S'i,S'2,Q)^ under the map (29) lies in 7^. We define (34) by taking 
the composition of 

Kg X C0(5i,52,Q)« mclxAx^ ^^^^ ^ 5(A-,Q) 

with (29) and ew^ : IZ ^ Q, i.e. we have ((/,0))^,q = evo(((/, A^(0)))) for 
aU f £ JCq and (/> G C°(S'i, ^2, Q)*^. By Lemma 4.1 (a) we obtain a £^5,+- 
equivariant homomorphism 



/c, -^v\SuS2,Cpy,f^{{f.-)) 



x,q 



Shintani decomposition and special L- values. Let y^ \ . . . , y^^' £ Usq x 
j'So.oo bg ideles whose components at places above q are all = 1 (hence 
y^^\ . . . , y^^' can be regarded as elements 1'?'°°) and such that y*-^-*, . . . , y^^' 
is a system of representatives of V'°° /U'^'°°Eq^^ = C\^{F) (the narrow class 
group of F). We also consider a g-integral Shintani decompostion A. Recall 

that this means that A has a decomposition A = Uig J^i where {Cj \ j £ J} 
is a finite collection of Shintani cones Cj which are generated by elements 
of £<?,+. 

Lemma 4.2. Let T = Uf=i yWt/9'°°. T/ien, 

((U,l.F))^-i,q = (l-x(q)N(q))L5,(x,0). 

Proof. Recall that for Re(s) > 1 we have 

LsM^^) = n ^-(^'") = n ^-(^'*) = E x(b)N(b)-^ 
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(since Ly{x^ s) = 1 for all v \ f(x))- Let ai, . . . ,ah G X*^" be the ideals corre- 
sponding to y(i)f/°^, . . . , yWC/°^. For i G {1, . . . , h} put $i = A^^^l^w^^.oo) 
and 

xeF jeJ 

So by Lemma 4.1 the function L{^i, 1_4; s) is entire and by (36) we have 

xt^ainEs^nA 

-x(q)N(q) Y. x(^(qa,)-^)N(x)-^ 

xeqaitlEs^nA 

Since x i— )■ xa~ resp. x i— t- x{qai)~^ induces bijections 

Oi n ^5o n ^ -^ {be X'^" | b ~ ar\ b C Of}, 
qa^n^Son^ -^ {b G X^» I b ~ (qa,)"\ b C Of} 
we get 
L(cl.„U;s) = N(a,r( J^ x(b)N(b)-^) 

-x(q)N(q)i+^N(a.r( J] x(b)N(b)-^). 

In particular for s = we obtain 

h 

Y,L{'^^^A■,0) = (l-x(q)N(q))L5,(x,0). 

On the other hand by Lemma 4.1 evo{{{lcj , ^j))) = L{^i, Cj,0) for all j G J 
hence 

h h 

{{UAt))^-i,, = j;5^evo(((lc,,^.))) = 5]l(c1.„U;0) 
so the assertion follows. D 



5. Lp{x,s) VIA COHOMOLOGY AND PROOF OF THE MAIN RESULT 

Interpolation property. As in last section x • I/-^* — ^ C* denotes a 
Hecke character of finite order, 5i the set of places v G Sp with Xv = ^, 
S2 = Sp — Si and 5*3 the set places which do not lie above p and divide f(x)- 
We choose y^^\ . . . , y^^^ G Usq x I'^0'°° such that y^'^\ . . . , y*^^) is a system 

of representatives of I°°/C/°°F; ^ C1+(F) (as before 5o = ^i U ^2 U ^g)- 
Then there exists a finite subset 6*4 of P^ which is disjoint from ^o and 
such that y(i), . . . , y^^'^ already lie in I54 x U^'-^°°. Put 5 = 5o U ^4 so that 

t5,oo ^ ttS,oo rp* 

By Prop. 3.9 there exists a prime number q such that (i) S D Sq = 0, 
(ii) q splits completely in F and (iii) there exists a (S, g)-Shintani cocycle 
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a G H'^^^{E'^,}Cq). We choose a place q of F above q and put T = S — Sp = 
S^USi. In the fohowing we embed C^{Sp, Q)t into C^{Sp, Q)'^ and the latter 
into C^{Sp,Q) via the map (19) and (17) respectively. So we have 

When restricting (34) to )Cq xC^{Si, S2, Q)t we get a E'^-equivariant pairing 

(37) /C, xC0(5i,52,Q)t -^ Q 
which induces a £^^-equivariant homomorphism 

(38) ICg^V\S,,S2,Cp)T. 
Consider the map 

(39) H''-\eI,1Ct) -^ H''-\eI,V\Si,S2,Cp)t) 

^ H''~\Fl,V\Si,S2,Cp)) 

where the first arrow is induced by (38). We denote the image of a under 

(39) by K;^,q and let /i^^q = /Uk^^, denote the corresponding p-adic measure 
on Qp defined by (14). 

Proposition 5.1. For all characters rj : Qp ^ Q* we have 

vii)i^xAdi) = {l-{xvy\^)^i^))LsM^)-\o). 

Gp 

Proof. The pairing (37) when restricted to the subgroup C^{Sp,Q)T 
C C^{Si, S2,Q)t yields a pairing 

nsH : H''-\E'llCq) X Ha-iiEl,CciSpM)T) -^ C 
and we have 

(40) K^,,n(3 = ansuf3 V /3 G //rf_i(F^,C0(5p,Q)r). 
Moreover (37) induces a pairing 

(41) HoiE+,ICq) X H^iE+,CciSpM)T) -^ C 
and the following diagram commutes 

H''-\Ef,)Cq) X H^^iiEfX^ciSpMr) -^^ C 



(42) 



(26) 



id 



HoiE+,ICg) X H%E+,C^ciSp,'Q)T) -^^ C 
where the second vertical map is the composite of 

H\E+,C'',{SpM)t) ""-^ Hd^^iE+,C^,iSpM)T) 

with cor : Hd-i{E+,C^,{Sp,q)T) ^ HdMEf,C^^{SpM)T). 

Put F = [Ji=iy^'^U'^'°° and let r? : ^p ^ Q* be a character. We view 
r/ as a Hecke character J^'°° /UP'^'°° — )■ Q (more precisely we denote the 
composite 
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also by t] where p is the reciprocity map). Then 77 • Ijr g C^{Sp,(^)'^ actu- 
ally lies in H'^{E+,C^{Sp,Q)t) and its class in Ho{T, H°{E+,CciSpM))) is 
mapped under (5) to 77 (viewed here as a continuous map Gp ^ Q). 

Let ^ be a (7-integral Shintani decomposition such that the (S, (7)-Shintani 
cocycle a is mapped to the class of lj[ in HQ{E^,ICq) under (26). Using (40), 
the commutativity of (42) and Lemma 4.2 we obtain 



Proof of Theorem 1.1. Recall ([13], 4.6) that there exists a Cp-valued 
p-adic measure /i on Gp such that for its L-transform we have 

Lpifi,s) = il-xiq){l)'-lLpix,s) 
and such that 

r?(7)^(d7) = (l-(TO)(q)N(q))L5,(TO,0) 
Gp 

for all characters f] : Qp ^ Q . Since the latter property determines // 
uniquely we deduce from Prop. 5.1 that fi = ^(/U^^-^q) where r : ^p — )■ Qp, 7 1— )■ 
7~^. Hence 

Lp{x,s) = {I - x{q){l)^'"y^ Lp{fix,<i^-s) 
in a neighborhood of s = and therefore 

ords=o Lp{x, s) = ords=o Lp{fi^^c\, s) > tt'S'i 
by Theorem 2.3. D 
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